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e Multi-type linear birth-and-death processes

in a periodic environment

e random environment without demographic

stochasticity

e Mmulti-type linear birth-and-death processes

iIN a random environment



Periodic environment

Kendall (1948)
a(t): birth rate, b(t): death rate
w(tg): extinction probability starting at ¢g

1
1+ [22b(t) exp|ff (b(s) — a(s)) ds] dt

w(tg) = 1—

a(t+T) =a(t), b(t+T) = b(t)
w(to) = 1 if and only if j& a(t) dt < J& b(t) dt



Jagers/Nerman (1985)
branching process in a periodic environment
n(t): expected births per unit of time

n(t) = /OOO K(t,z) n(t — ) dz
K(t,z) = a(t,z) e Job—atss)ds — oy 4 T )
n(t) ~ e"o(t), @t +T) = ¢(t)
6(t) = [ e TR (@) p(t — 2) do = (Lrd) (1)

p(Lr) =1, w(tg) =17r<0



Klein/Macdonald (1980)

Mmulti-type processes

A; ;(t): nonnegative birth matrix
B; ;(t): death and transfer matrix
A(t+T)=A(t), B(@+T)= B()

g(t, x1,...,Tm). generating function

0
E Zz[ i i(Ox; — By ()] (371’_1)87],

population mean: %F = (A(t) — B(t))P(t)



Allen/Lahodny (2012) Extinction thresholds
In deterministic and stochastic epidemic

models. J Biol Dyn

Mmulti-type processes

constant environment



Back to periodic environments

F: dominant Floquet multiplier of
4P = (A(t) — B(t))P(t)

w(tg) =1 if and only if F <1




Proof: method of characteristics
dX ;
—dtj = > A ;)X — B ;(1)] (1 = X;)

1

T > 1o, X(T) =0
g(7,0,...,0) =1]I (X;(tg))™ilto)

Yi(s) =1 - X;(7 — s)

dy;
ds

() ~ X [AL(r — ) = Bf (7 — 9)] Yj(s)
J

cooperative sublinear system of ODEs



Similar result for discrete-time population

models in a periodic environment

P(t+1) = (A®) + B(1))P(¢)



T he basic reproduction number Rg
J Math Biol (2006...), Bull Math Biol (2007...)

Lr: (1) — /O T e (t x) o(t — z) da

Ro=p(Lo)| |[Rp=1&r=0

__Ja a@®)dt

@ = (a() = b)) = [Ro =y 7

— = (—=—B(t) | Z(t), Rp) =1, =F
o= (o ~B®)Z2®), 1) :
asymptotic per generation growth rate



Example: measles in France
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linearized SEIR model

(4 = —cE+4a(®)(1—-v)I

(4 = cE-bI

a(t) = a(1 4 ecos(2nt/T — ¢))



Effective reproduction number:
(1 —v)Rg~1.06
Known vaccine coverage:
v~92% = Rg~ 13
Critical vaccine coverage:

1
v =1— " ~ 0259
R



to—— 1 —w(tg) (probability of a major epidemic)
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Rp In @ random environment

background: periodic discrete-time model
Pt+1)= M()P(t)
M(t) = A(t) + B(¢)
A(t+T) = A(t)
B(t+T) = B(t)
stable if p(M(T —1)---M(1)M(0)) < 1
or equivalently Rp = p(A*B*) < 1




A* = diag(A(0),...,A(T — 1))

(—-B(0) I 0 --- 0 \
0 —B(1) I ;
0 I

. T 0 -+ 0 —B(T-1),

— Bull Math Biol (2009)

Question: what is Rg if the environment
follows a finite Markov chain?



environments (A(F) B(k))

I‘ijg: probability that k£ followed by /¢

1
A = lim =log|M(t—1)--- M(1)M(0)|
t——+oo t

Ro # Ry = p ([N AT — [Ny BOD Y

Pn—l—l(t

A (N, R™) — ¢H(N,R™) : {

1) = A(t) Pa(t)

Ry = p(A(I-B)™ 1)

B(t)Pp41(¢)

(Az)(0) =0
(Az)(t+1) = A(t)x(t)

almost surely



M =M(A,B)=|A(A/Rg,B) =0

x Single type model:
mll=m = Zkﬂ-klog(ak/RO + bk) =0

x R1 decides of the growth the expected

population

* continuous-time:

U = (a(®) —b()P(t) = Ro = £G7k




(A B(1)Y = (1,0.5), (A2 B(2)) = (0.1,0.58)
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birth-and-death in a random environment

Continuous-time model.

Finite Markov chain, stationary distribution ().

In environment k, birth-and-death process (ag, by)

Question: how about the extinction probability w?



Cogburn, Torrez: J Appl Prob (1981)

2T
Zbkﬂ'k

Rg

w=1if and only if Rg <1

J Appl Prob (2009): R« = mimo

di

©.@)
mp — /O qk 6_%76(%_%)7 dr = b+ 4 — an



An example with Rg <1 and R« > 1

27017

50



Proof: Kendall (1948) 4+ ergodic theorem

1
14 §0b(t) explf§(b(s) — a(s)) ds| dt

tjmm%/C)t(b(s) ~a(®)ds =Y(b-ap)m; as



Supercritical example
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Athreya & Karlin (1971)

environment k£ during 7 followed by k' during 7/

Qp g
P,y (e &7 = " qe” W T dr’
Y ) qk
: S T _
stationary distribution : wy, . = ELL qre k7
20 90Ty

mean ¢27,T(1) — e(ak—bk)T

—b
w=1 o E(log (1)) = =% “ )Tk o Rop < 1
2. QKT




multi-type populations

dP
A1 Lyapunov exponent of = (A(t)—B(t))P(t)

M®) (r) = exp |(AK) — B))~
tin=10+71T1+ -+ Th-1
A= lim log [MEn-D(r,_1) - M*)(rp)|

w=1aX<0& Ry<1



~1
R =, ® 0 b1 Taq1  —q
0 as —q1 b2+ g2

dpy,
dt,n = — (ag + b)npg p, + bp(n + 1)pg 1
+ arp(n — Dpgpn_1+ > (Q.epen — QuiPrn)
1=k
Ep(t) = ) npgn(t)
n>1
dE,

- = (ap, — b)) Er + > (Qk,ﬁEE _ Qf,kEk) '
(£k
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