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Evolutionary dynamics of a population of Q i1dentical individuals:
e selective pressure (fitness)
e random reproduction (death/reproduction, binomial sampling, ...)

e mutations

Microscopic dynamics: Wright-Fisher and Moran models.

Simplifying assumptions:
e haploid individuals
e two competing alleles {A,B}

* N0 mutation



Balancing selection 1s an umbrella concept:

a class of selective processes by means of which multiple alleles are
maintained at significant frequencies in a population.

Examples: self-incompatibility systems in plants, Major Histocompatibility
Complex in mammalian, certain genetic diseases in humans (sickle-cell
anemia, thalassemia, cystic fibrosis)

In the two alleles model (Robertson, 1962):

e favors an internal mixed equilibrium

e induces retardation in fixation in well-mixed populations.



Subdivision: N subpopulations (demes/colonies) of Q2 individuals each,
interacting by means of migration.
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Migration will be homogeneous (mij = m, V(i,/)) and conservative.
Study: 1) fixation properties (2 < oo, N <),

2) phase transitions (Q < oo, N = o0)



1. Mean-Fixation Time in unstructured subdivided
populations with balancing selection.

In collaboration with: P. Lombardo, SISSA-Trieste (Italy)
A. Gambassi, SISSA-Trieste (Italy)

See: P. Lombardo, A. Gambassi, and L. Dall’ Asta, arXiv:1310.5072 (2013)



Known results on the mean-fixation time (MFT):

1) High-migration limit: Ty (m — 00) o< N
N

2) Low-migration limit (Slatkin, 1981): Tgx(m — 0) ~ 0 (1/9)
muq
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Diffusion approximation for the Island Model with balancing selection

For Q » 1, the frequency xi = QaAW/Q of allele A in deme i satisfies the
Langevin equation:
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Diffusion approximation for the Island Model with balancing selection

For Q » 1, the frequency xi = QaAW/Q of allele A in deme i satisfies the

Langevin equation:
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Collective dynamics: simulations
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Approximate descrition of the Collective dynamics

1 N
Consider the average quantities L = N E X;




Cherry and Wakeley (2003) and Cherry (2003):

For s =0 and large N,  is a much slower variable than local frequencies x; :

1) the {x;} can be considered as almost independent random variables,

each one described by the same conditional “quasi-stationary” distribution
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2) we can approximate z* with (wk>qs as function of T

The subdivided population behaves like a well-mixed one with
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Issues: When does the approximation hold? Can be improved?

Timescales: - migration Limigr =1 /m
-relaxation  Tyq) >~ 1/M|x| >~ 1/s,

- fluctuations Thuct =~ 1/V|Z] ~ N,

The approximation 1s correct when Tmigr <K miﬂ{Tﬂuct, Trel}-

» o when NQs > [ + 1/mQ, itrequires | Se/m < 1

e otherwise i1t only requires N > [



Generalization to small but non-vanishing values of Se/m

1) Parametric ansatz:

qu(flf‘y) x meQy—l(l o x)QmQ(l—y)—lest(Za;*—a;)

2) Find y as function of I using the consistency condition

.CC:/O dz x Pys(x|y)
=7 (s./m)a(l - )(@. — ) + O((s./m)?

3) Calculate corrections to M [z|, V' |Z]



Mean Fixation Time

Using the backward Fokker-Planck approach (Kimura and Ohta, 1969)

V(Z)T5x () /2 + M (Z) Ty (T) = —1

with initial condition & = Z (the metastable state)

At order zero in Se /M.,
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Mean Fixation Time
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Biodiversity

1) global heterozygosity H = 2:?(1 — Zf) H & [O, 1/2]

2) local heterozygosity
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Biodiversity
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Consistent with results for models with many alleles and mutation
(Schierup 1998, Schierup et al. 2000, Muirhead 2001, Nishino and Tajima 2005)



2. Fixation-Coexistence phase transition in 1d
populations with balancing selection.

In collaboration with: F. Caccioli, Univ. of Cambridge (UK)
D. Beghe, University of Parma (Italy)

See: L. Dall’Asta, F. Caccioli and D. Beghe, Europhys. Lett. 101, 18003 (2013)



Consider an infinite one-dimensional stepping-stone model:
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but we cannot use previous approximations...
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A spin model of balancing selection

We consider a one-dimensional voter-like model S; € {-1,1}
with heterozygosity advantage (Sturm and Swart, Ann. App. Prob.18, 2008)

The model:

e with rate \g, each individual is replaced by a new one equal to a
randomly selected neighbor (voter-like process);

e with rate A\p/2, each individual i is replaced by the less frequent
type in the triplet {Si, Si+1, Si+2}(and the same for the symmetric case)

Similar to the celebrated Neuhauser-Pacala model of spatial plant ecology.
(C. Neuhauser and S. Pacala, Ann. Appl. Prob. 9,1999)



From the master equation for the distribution P(Si,..,Sn,7), we get a
hierarchy of coupled equations for multispin correlation functions.

d<Si> . )\O )
= [(Si—1) + (Si+1) — 2(S5;)]
Ab

+ 5 [(9:55-15i—2) + (S;Si4+15i42) — 2(5;)]

d{S;S; A
< 7 +1) = 20 [(S:Si+2) + 24+ (S;—15i11) — 4(5:5i41)]
Ab

+5 [(Si—25i-15:Si+1) + (SiSit2)
+(S;_15:11) + (S;S;415:12Si43) — 4(S;Si11)]

we close the equations using (Kirkwood) factorization approximation:

<S'L'Si—|—1si-|—2> ~ <Si><Si—|—1Si—|—2>
(Si5;Si+15i+2) =~ (S:S;)(Si+15i+2)



We get equations for two point correlations ¢x(t) = (SiSi+1+k)

ég(t) = )\0(61 +1— 200) + )\b(Cg +c1 — 260)
él(t) = )\0((32 + Co — 2(31) + )\5(6160 + Cop — 2(31)
er(t) = Ao(Crt1 + ck—1 — 2¢k) + 2Mp(co — 1)cy,

The approximation 1s correct only 1f we define a separation of scales
between the local dynamics and the large-scale behavior.

At large times:
1) we assume ¢1 = ¢o ,
2) we solve the equation for co

3) use the solution to solve the equation for ck



We find: coo =1, for My <A

A
co. = 2 for A > Ao
Ab
0,4
Local Heterozygosity

H(0,00) = (1 — %) /2

Fixation-Coexistence

Phase Transition
(infinite size limit)




Dynamics in the Fixation Phase:  H(0,t) o (4\ot) "2 for t — oo
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Genetic demixing through algebraic coarsening (as for neutral populations)



Dynamics in the Coexistence Phase:

Exponential relaxation to the stationary spatial profile of heterozygosity
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Dynamics in the Coexistence Phase:

Balancing selection could favor the propagation of polymorphism in a
completely homogenous environment (Fisher-like waves)

Ao/ Ao = 1.05 Ao/ Ao = 1.5




Dynamics in the Coexistence Phase:

Balancing selection could favor the propagation of polymorphism in a
completely homogenous environment (Fisher-like waves)

ballistic propagation velocity is linear with Ap — Ag
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Conclusions

We studied the effects of balancing selection in subdivided populations

1) MFT in unstructured populations 1s a non-monotonic function
of the migration rate

2) coexistence-fixation phase transition in 1d populations

Both phenomena should be very general (other dynamics with an
internal attractive equilibrium with two symmetric absorbing states)

Future works:
e Populations on networked structures.

e Range expansion.



Microscopic Model Simulations

fitness wa =1+5s, wp=1

waflg (14 8)x
wada +wpllp B 1+ sx

pr(x) =

Pm(xi, ) = mx + (1 — m)x;

( _) migr , repr /7

ZEZ',:C — '/I;Z — Q/BZ',

w(z;) = (Az;) = 52;(1 — x;3) + m(z — ;) + O(5%, 5m)

v(z;) = (Az?) = [2;(1 — ;) + O(m, 3)]/Q + O(5%, m?, m3)



