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A model of branching process with immigration and non-neutral mutations

The neutral model: stationary GW or CSBP

Models for population (asexual and with no competition)

Constantsize population:
Finite population: Moran process (1958) or Wright-Fisher’s model
(1930-1931).
Infinite population: Fleming-Viot (1979) process.
Coalescent (genealogical) tree (for the infinite population): Kingman
(1982), Pitman (1999) and Sagitov (1999).

Randomsize population:
Finite population: Galton-Watson process (1873).
Infinite population.

Population size is a Cont. State Branching Process (CSBP): Jirina (1958);
see also Dawson (1975)- Watanabe (1968) process.
Population genealogy given by Lévy trees: Duquesne-Le Gall (2005).

Links with constant size population (infinite population, stable branching).

Our aim: study a model for stationary random size (infinite) population
(continuous time) with non-neutral mutations.
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A model of branching process with immigration and non-neutral mutations

The neutral model: stationary GW or CSBP

Galton-Watson (GW) process

Y ′
t be the size of the (finite) population at time/generationt ∈ N.

Offspring distribution = distribution ofξ.

Each individual has an independent random number of children with
distributionξ.

Y ′
t+1 =

Y′

t
∑

i=1

ξt+1,i , with (ξi,t) indep. distributed asξ.

Asymptotic behavior:
Sub-critical:E[ξ] < 1. Then a.s.Y ′

t = 0 for t large.
Critical: E[ξ] = 1. Then (ifP(ξ = 1) < 1) a.s.Y ′

t = 0 for t large.
Super-critical:E[ξ] > 1. Then a.s. limt→+∞ Y ′

t ∈ {0,+∞}.

No stationary regime.
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A model of branching process with immigration and non-neutral mutations

The neutral model: stationary GW or CSBP

Stationary random size population using GW process

Consider the sub-critical GW process conditioned on non-extinction.

Q-process: the limit distribution ofY ′ = (Y ′
t , t ∈ N) in the sub-critical

case conditionally on{Y ′
t+s > 0} ass → +∞.

TheQ-process can be extended into a stationary process
Z′ = (Z′

t , t ∈ Z).

Description ofZ′:
Z′ corresponds to animmortal individual with size-biased offspring
distribution, and other individuals have the offspring distribution given by
ξ.
Z′ − 1 corresponds to GW processY ′ with immigration given by the
size-biased offspring distribution.
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A model of branching process with immigration and non-neutral mutations

The neutral model: stationary GW or CSBP

Stationary random size population using GW process II

Questions:

Distribution ofA′, the TMRCA for the pop. living at timet = 0.

Joint distribution ofZ′
0 andZ′

−A′ (mild bottleneck effect).

Generalizations:

Change the immigration distribution.

Use multitype GW process to get (a finite set of) non-neutral mutations.

Change the offspring distribution of each of the immigrant
population to take into acount (infinitely many)non-neutral
mutations.
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A model of branching process with immigration and non-neutral mutations

The neutral model: stationary GW or CSBP

CSBP as limit of GW processes
We shall focus only on the quadratic case. Letθ > 0. Assume

Var(ξ) = 2< +∞.

We have in the sub-critical case (E[ξ] = 1− 2θ/n andY ′
0 = [nx]):

(

1
n

Y ′
[nt], t ≥ 0

)

(d)
−−−→
n→∞

Yθ = (Yθ
t , t ≥ 0).

The processYθ is a sub-critical continuous branching process (CSBP)
or a Feller diffusion:

dYθ
t =

√

2Yθ
t dWt − 2θYθ

t dt.

Branching mechanism:ψ(λ) = λ2 + 2θλ.

We have:E
[

Yθ
t

]

= e−2θt.

The lifetime:ζθ = inf{t > 0; Yθ
t = 0} is a.s. finite.
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A model of branching process with immigration and non-neutral mutations

The neutral model: stationary GW or CSBP

Stationary CSBP

dYθ
t =

√

2Yθ
t dWt − 2θYθ

t dt.

Consider the sub-critical CSBP conditioned on non-extinction.

Q-process: the limit distribution ofYθ = (Yθ
t , t ≥ 0) conditionally on

{Yθ
t+s > 0} ass → +∞.

TheQ-process can be extended into a stationary process
Zθ = (Zθ

t , t ∈ R):

dZθ
t =

√

2Zθ
t dWt + 2(1− θZθ

t ) dt.

Interpretation ofZθ:
Zθ corresponds to animmortal individual with infinite birth rate.
Zθ corresponds to CSBPYθ with (infinite rate)immigration .
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A model of branching process with immigration and non-neutral mutations

The neutral model: stationary GW or CSBP

Excursion measure and immigration

Excursion measure:

N
[

Yθ ∈ ·
]

= lim
x→0

1
x
E
[

Yθ ∈ ·|Yθ
0 = x

]

.

Excursion duration:N[ζθ > t] = 2θ/(e2θt −1).

Immigration representation (with the convention:Yθ
t = 0 for t < 0): :

Zt =
∑

i∈I

Y(i)
t−ti for all t ∈ R,

with ti theimmigration timeof Y(i) and
∑

i∈I δY(i),ti(dY, dt) a PPM with
intensity:

2N
[

dYθ
]

dt .
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A model of branching process with immigration and non-neutral mutations

Mild bottleneck effect at the MRCA (neutral case)

Time to the MRCA, population size at the MRCA
Results from Chen-D. (2012).

A=time to the MRCA of the population (at fixed timet).
Let Z(A) be size of the population at the MRCA time:

Z(A) = Zθ
(t−A).

Explicit formula (for general CSBP) for the distribution of

(Zθ
t ,A, Z

(A)).

Conditionally onA, Zθ
t andZ(A) areindependent.

Mild bottleneck effect:

Z(A) is stoch. less thanZθ
t .

And we have:

E

[

Z(A)
]

=
2
3
E
[

Zθ
t

]

and P(Z(A) < Zθ
t ) =

11
16

·
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A model of branching process with immigration and non-neutral mutations

Non neutral immigration

Non-neutral immigration (Bi-D., 2013)

Coupling forq ≥ θ: N-a.e. Yq
t ≤ Yθ

t for all t ≥ 0.

The parameterθ can be seen as a fitness parameter.

Mutation measureµ(dθ) on (0,+∞).

Immigration:
Zt =

∑

i∈I

Y(i)
t−ti for all t ∈ R,

with ti the immigration time ofY(i) and
∑

i∈I δθi,Y(i),ti(dθ, dY, dt) a
PPM with intensity:

2µ(dθ)N
[

dYθ
]

dt.

Noticeθi is the fitness parameter ofY(i).

Neutral case corresponds toµ = δθ.
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A model of branching process with immigration and non-neutral mutations

Non neutral immigration

Non-neutral immigration: existence and properties ofZ

The processZ = (Zt, t ∈ R) is well defined iff:

∫

0+
| log(θ)| µ(dθ) < +∞ and

∫ +∞ µ(dθ)
θ

< +∞. (1)

We assume (1) holds.

The processZ is non-Markov (to get the Markov property you need to
keep track of the size of all the current families with different fitness).

The processZ is continuous.

A.s. for all t ∈ R we haveZt > 0 if 〈µ, 1〉 > 1/2.
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A model of branching process with immigration and non-neutral mutations

Non neutral immigration

Non-neutral immigration: the MRCA

A=time to the oldest immigrant (≃ MRCA) of the population (at fixed
time t).

ZA size of the population at the MRCA time:

Z(A) = Z(t−A).

Mutation type of the MRCA:Θ.

Explicit formula for the distribution of

(Zt,A,Θ, Z
(A)).

Result: Conditionally onA, (Θ, Zt) andZ(A) areindependent.

Result:Bottleneck effect:

Z(A) is stoch. less thanZt.
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A model of branching process with immigration and non-neutral mutations

Non neutral immigration

Stable mutation measure

µ(dθ) = cθα−11{θ>0} dθ for someα ∈ (0, 1).

(1) holds;〈µ, 1〉 = +∞ andE[Zt] = +∞.

Strong bottleneck effect: for α ∈ (1/2, 1): E
[

Z(A)
]

< +∞.

Let Θ∗ be the mutation type of an individual chose at random in
population at timet. (NoticeΘ∗ has a size biased distribution.)

Θ is stoch. less thanΘ∗:

YΘ is stoch. largerthanYΘ∗ ,

that is the MRCA hasgreater fitnessthan a random individual (see
also Fearnhead (JAP 2002) for similar results).
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A model of branching process with immigration and non-neutral mutations

Speed of coming down from infinity and number of families

Speed of coming down from infinity
See Berestycki-Berestycki-Limic (2010) for coalescent process.
Let Ms be the number of ancestors living at times in the past from the
current population (Ms = 0 for s > A, and lims→0 Ms = +∞).

The following convergence holds a.s.:

lim
s→0

sMs = Z0.

Fluctuations under some regularity assumption onµ (for α ∈ (0, 1/2)
in the stable case or for neutral immigration and general CSBP):

s−1/2 (sMs − Z−s)
(d)
−−→
s→0

√

Z0 G,

with G ∼ N (0, 1) independent ofZ0.
Fluctuations in the stable case withα ∈ (1/2, 1):

s−α−1 (sMs − Z−s)
(d)
−−→
s→0

cα.
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A model of branching process with immigration and non-neutral mutations

Speed of coming down from infinity and number of families

Number of families

Let Ns be thenumber of familiesat times in the past which have
descendants in the current population:

Ns =
∑

i∈I

1{ti<−s, Y i
−ti

>0}.

In the neutral case (stable branching mechanism):

lim
s→0

Ns/ log(1/s) = c > 0.

In the stable (non-neutral) case:

lim
s→0

sαNs = c > 0.
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A model of branching process with immigration and non-neutral mutations

Speed of coming down from infinity and number of families

Open questions

Law and properties of the genealogical tree.

Does this model fit (better) to some data?

Does usual algorithms (built from the Kingman model) detecta
bottleneck effect in the quadratic stationary CSBP model?
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