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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorMotivation
Consider a population of individuals that gets extin
t a.s. in �nite timeOne gene, two alleles.In a long-time s
ale, 
onditionally to the surviving of the population,whi
h allele will remain?Can we observe a long-time 
oexisten
e of the two alleles?Understand the quasi-stationary behavior of a diploid population.
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorModel
Diploid individuals.1 gene, 2 alleles, A and a: genotypes AA, Aa and aa.3-type logisti
 birth-and-death pro
ess with Mendelian reprodu
tion:

(Zt , t ≥ 0) = ((Z 1t ,Z 2t ,Z 3t ), t ≥ 0).Population size at time t: Nt = Z 1t + Z 2t + Z 3t .
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorBirth and death ratesIf Zt = z = (z1, z2, z3) ∈ (Z+)
3 with n = z1 + z2 + z3,Diploid Mendelian reprodu
tion:

λ1(z) = b1n [

(z1)2 + z1z2 + (z2)24 ]Competition and natural death:
µ1(z) = z1(d1 + 
11z1 + 
12z2 + 
13z3)Slow-fast sto
hasti
 dynami
s and quasi-stationarity for diploid populations Camille Coron



Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorS
alingLarge population size assumption.Population represented by the pure jump pro
ess:ZK = Z/K ∈ (Z+/K )3, K −→ +∞.S
aling of demographi
 parameters and hypotheses:bKi = γK + βidKi = γK + δi
Kij =
αijKZK0 −→K→∞

Z0 in law,there exists C ≥ 0 su
h that for all K ∈ N
∗,E

(

(NK0 )3) ≤ C ,where γ > 0 and Z0 is a (R+)
3-valued random variable.Slow-fast sto
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorHardy-Weinberg deviation, new variablesDeviation from Hardy-Weinberg equilibrium:Y Kt =
4Z 1,Kt Z 3,Kt − (Z 2,Kt )24NKt = NKt (pAA,Kt − (pA,Kt )2)

= NKt (2pA,Kt pa,Kt − pAa,Kt )

= NKt (paa,Kt − (pa,Kt )2)XKt =
2Z1,Kt +Z2,Kt2NKt = proportion of allele A at time t.2Z 1,Kt + Z 2,Kt = NA,Kt = number of alleles A divided by K at time t,2Z 3,Kt + Z 2,Kt = Na,Kt = number of alleles a divided by K at time t.

(Z 1,Kt ,Z 2,Kt ,Z 3,Kt )←−−→ (NKt ,XKt ,Y Kt )←−−→ (NA,Kt ,Na,Kt ,Y Kt )Slow-fast sto
hasti
 dynami
s and quasi-stationarity for diploid populations Camille Coron



Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorFast dynami
sPropositionFor all s, t > 0, supt≤u≤t+sE((Y Ku )2) −→ 0 when K goes to in�nity.Proof.By Kolmogorov-forward equation,dE (

(Y Kt )2)dt ≤ −2γKE

(

(Y Kt )2)+ C1.Y K is a fast variable and the population 
onverges to Hardy-Weinbergequilibrium.Slow-fast sto
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorSlow dynami
sTheoremThe sequen
e of pro
esses {((NA,Kt ,Na,Kt ), t ≥ 0)}K≥0 
onverges in law in
D([0,T ], (R+)

2) toward a 
ontinuous-time di�usion pro
ess (NA,Na) su
hthat in the neutral 
ase where βi = β, δi = δ, αij = α for all i , j ∈ {1, 2, 3}:dNAt =

√ 4γNAt + Nat NAt dB1t +

√2γ NAt NatNAt + Nat dB2t
+

(

β − δ − αNAt + Nat2 )NAt dtdNat =

√ 4γNAt + Nat Nat dB1t −√2γ NAt NatNAt + Nat dB2t
+

(

β − δ − αNAt + Nat2 )Nat dtSlow-fast sto
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorComparison with the haploid 
ase 1Diploid population:dNAt =√ 4γNAt + Nat NAt dB1t +√2γ NAt NatNAt + Nat dB2t +(

β − δ − αNAt + Nat2 )NAt dtdNat=√ 4γNAt + Nat Nat dB1t −√2γ NAt NatNAt + Nat dB2t +(

β − δ − αNAt + Nat2 )Nat dtHaploid Lotka-Volterra di�usion (P. Cattiaux & S. Méléard (2010)):dNA,ht =

√2γNA,ht dB1t + (β − δ − α(NA,ht + Na,ht ))NA,ht dtdNa,ht =

√2γNa,ht dB2t + (β − δ − α(NA,ht + Na,ht ))Na,ht dtSlow-fast sto
hasti
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorComparison with the haploid 
ase 2Diploid population:dNt = (β − δ − αNt)Ntdt +√2γNtdB1tdXt = √

γXt(1− Xt)Nt dB2t .Haploid population (P. Cattiaux & S. Méléard (2010)):dNht = (β − δ − αNht )Nht dt +√2γNht dW 1tdX ht =

√2γX ht (1− X ht )Nht dW 2t .Slow-fast sto
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorLong time behavior of (N,X ) and 
hange of variablesCattiaux, Collet, Lambert, Martinez, Méléard, San Martín (2009):For all (n, x) ∈ R× [0, 1], PN,X
(n,x)(T0 <∞) = 1.Change of variables:S1t =

√

γNt2 
os(ar

os(2Xt − 1)√2 )S2t =

√

γNt2 sin(ar

os(2Xt − 1)√2 )

.Under symmetri
 assumptions of the 
ompetition parameters thedi�usion pro
ess S = ((S1t ,S2t ), t ≥ 0) satis�esdSt = dWt −∇Q(St)dt.Slow-fast sto
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorDi�usion 
oe�
ient
Q(S) =
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ln((S1)2+(S2)2)2 + 12 ln(sin(√2 ar
tan(S2S1)))
−

(

β − δ − αγ4 (

(S1)2 + (S2)2)) (S1)2+(S2)24if S1 > 0ln((S1)2+(S2)2)2 + 12 ln(sin(√2(ar
tan(S2S1)+ π
)))

−
(

β − δ − αγ4 (

(S1)2 + (S2)2)) (S1)2+(S2)24if S1 6 0.Slow-fast sto
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorDe�nition spa
e, absorbing sets

s1

s2a0 A0Ma

=
{s2 = us1 } A = {s2 = 0}0 = {s1 = s2 = 0}b

×ar

os(2x−1)√2(s1, s2) = ψ(n, x)
√

γn2Figure : Set D of the values taken by St , for t ≥ 0.Slow-fast sto
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorAbsorption of the di�usion pro
ess S : propertiesTheorem
(i) For all s ∈ D \ 0, Ps(TA ∧ Ta < T0) = 1.Extended Girsanov Theorem (Cattiaux et al. (2009))

Ps(TA ∧ Ta0 < T0) = 1 for all s ∈ D1.Martingale argument to 
on
lude in the neutral 
ase.Girsanov Theorem in the non-neutral 
ase.
(ii) For all s ∈ D \ ∂D, Ps(TA < T0) > 0, and Ps(Ta < T0) > 0.In the neutral 
ase, Ps(Ta < T0) = 1/2 for all s ∈M.Girsanov Theorem: Ps(TM <∞) > 0 for all s ∈ D.Strong Markov property to 
on
lude.Girsanov Theorem in the non-neutral 
ase.Slow-fast sto
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorQuasi-stationary behaviorTheorem
(i) There exists a unique distribution ν1 on D \ ∂D su
h thatlimt→∞

Ps(St ∈ E |T∂D > t) = ν1(E ) ∀s ∈ D \ ∂D.
(ii) There exists a unique distribution ν on D \ 0 su
h thatlimt→∞

Ps(St ∈ E |T0 > t) = ν(E ) ∀s ∈ D \ ∂D.
=⇒ The law limt→∞

P(Xt ∈ .|Nt > 0) is well-de�ned.
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aling Slow-fast dynami
s Quasi-stationary behaviorNumeri
al results 1: neutral 
ase

Figure : Distribution of the proportion Xt of allele A in a neutral 
ase, knowingthat Nt 6= 0. In this �gure, βi = 1 = δi , and αij = 0.1 for all i , j .Slow-fast sto
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aling Slow-fast dynami
s Quasi-stationary behaviorNumeri
al results 2: overdominan
e

Figure : Distribution of the proportion Xt of allele A in an overdominan
e 
ase,knowing that Nt 6= 0. βi = 1 for all i 6= 2, β2 = 5, δi = 0 for all i , αij = 0.1 for all
(i , j), and T = 100.Slow-fast sto
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorNumeri
al results 3: separate ni
hes

Figure : Distribution of the proportion Xt of allele A in a separate ni
hes 
ase,knowing that Nt 6= 0. βi = 1, δi = 0, αii = 0.1 for all i , αij = 0 for all i 6= j , andT = 2500.Slow-fast sto
hasti
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Motivation, model and s
aling Slow-fast dynami
s Quasi-stationary behaviorNew work and perspe
tives
More alleles (joint work with Sylvie Méléard).What are the exa
t 
onditions for 
oexisten
e of the two alleles?
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